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Abstract
We study the hamiltonian reduction of affine Lie superalgebra sl(2|1)(1). Based on a
scalar Lax operator formalism, we derive the free field realization of the classical topolog-
ical topological algebra which appears in the c ≤ 1 non-critical strings. In the quantum
case, we analyze the BRST cohomology to get the quantum free field expression of the
algebra.
∗Present Address
Two-dimensional topological gravity coupled to topological matter system [1] has been
known to reproduce the results of the matrix model approach to two-dimensional gravity.
There is more conventional approach of considering Liouville gravity coupled to BPZ
minimal model (c ≤ 1 non-critical string) [2]. Although the BRST analysis of physical
states [3] indicates that the non-critical string theory is equivalent to other approaches,
it lacks apparent topological field theoretical formulation.
It is recently found that the BRST algebra in the non-critical string may be extended
to an infinite dimensional symmetry (we call it topological conformal algebra) [4]. This
observation allows us to interpret the concepts in non-critical strings such as physical
states and the ground ring in terms of the topological conformal field theory. In a recent
paper [5], Bershadsky et al. suggested that this kind of realization of topological symmetry
may be obtained from the hamiltonian reduction of affine Lie superalgebra sl(2|1)(1) with a
certain choice of simple root system. The symmetry algebra is regarded as the anti-twisted
N = 2 superconformal algebra. It is quite important to study this correspondence given by
the hamiltonian reduction and examine topological properties in view of its extension to
the non-critical W -strings, which have rich symmetries and gives well-defined continuum
models beyond the c = 1 barrier.
The purpose of the present article is to study the classical and quantum hamiltonian
reduction method of sl(2|1)(1) relevant to the c ≤ 1 non-critical string in detail. After
introducing the affine Lie superalgebra sl(2|1)(1) and two types of simple root system,
we show that the Poisson algebra on the reduced phase space gives the (twisted) N = 2
superconformal algebra. We then propose a scalar Lax operator formalism to get a free
field realization of the classical topological conformal algebra, which is different from the
standard one in the sense that one of the super currents is realized by a single fermionic
(anti-ghost) field. We shall study the quantum hamiltonian reduction of sl(2|1)(1) based
on the BRST formalism. There are two approaches to study the BRST cohomology.
One is to use an explicit Wakimoto realization of the currents and to study the quartet
made of bosonic and fermionic ghosts [6]. The other approach first studied by Feigin and
Frenkel [7] uses the canonical coboundary operator of a nilpotent subalgebra of affine Lie
algebra, which does not rely on any explicit free field realization of the currents. In the
present article we will use the latter method. In the quantum hamiltonian reduction the
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topological conformal algebra is obtained as the algebra of BRST cohomologies. After
bosonizing the Cartan currents, we get the free field realization of topological conformal
algebra in the non-critical string theory.
Let g be a Lie superalgebra with rank r, gˆ its untwisted affine extension [8]. Denote
the set of roots of g by ∆ = ∆+ ∪ ∆−, where ∆+ (∆−) is the set of positive (negative)
roots of g. The set ∆ may be also decomposed as ∆0∪∆1. Here ∆0 (∆1) is the set of even
(odd) roots, which correspond to the (anti-)commuting generators. Define ∆i+ (i = 0, 1)
by ∆i ∩∆+.
The Lie superalgebra sl(2|1) is represented by 3× 3 matrices
X =


x11 x12 ξ13
x21 x22 ξ23
ξ31 ξ32 x33

 , (1)
satisfying the super traceless condition strX ≡ x11 + x22 − x33 = 0. Here x’s and ξ’s are
Grassmann even and odd elements, respectively.
In contrast to simple Lie algebras, a Lie superalgebra admits in general various choices
of the simple root system. For g = sl(2|1) there are two distinct simple root systems.
One is given by
α1 = e1 − e2, α2 = e2 − δ1, (2)
which corresponds to the Dynkin diagram ❤ ❤× . Here ei (i = 1, 2) and δ1 are or-
thonormal basis with positive and negative metric respectively: ei · ej = δi,j , δ1 · δ1 = −1.
In the choice (2), the simple roots α1 and α2 satisfy α
2
1 = 2, α
2
2 = 0 and α1 · α2 = −1.
The positive roots of this algebra are α1, α2 and α1+α2, in which α1 is an even root and
others are odd roots. The other choice is to take the purely odd simple root system:
α˜1 = e1 − δ1, α˜2 = δ1 − e2, (3)
which corresponds to the Dynkin diagram ❤× ❤× . Both root systems are related each
other by
α1 = α˜1 + α˜2, α2 = −α˜2. (4)
We call the former root system as type A and the latter as type B.
The type B root system has been used to derive the N = 2 superconformal CP1 model
by gauging the nilpotent subalgebra of sl(2|1)(1) [9]. In this case we can use manifest
2
N = 1 supersymmetric formulation since the embedding of sl(2) may be extended to Lie
superalgebra osp(1|2) [10]. On the other hand, the type A simple root system does not
allow manifest superspace formulation. Hence we must use component formalism for the
A type. But it is the reduction based on the type A simple root system which gives the
topological conformal algebra of the c ≤ 1 non-critical string [5]. Note that the nilpotent
subalgebra nˆ∗ depends on the choice of simple root system.
The dual space gˆ∗ of an affine Lie algebra gˆ carries a Poisson bracket structure induced
by the coadjoint action of gˆ, or the gauge transformation. The space gˆ∗ is generated
by bosonic currents Jα(z) (α ∈ ∆0), H i(z) (i = 1, . . . , r) and fermionic currents jγ(z)
(γ ∈ ∆1). For simplicity we use the notations J±1(z), j±2(z), j±12(z) for the currents
corresponding to the roots ±α1,±α2 and ±(α1 +α2). The current algebra is expressed in
the form of the operator product expansions (OPEs):
J±1(z)j∓12(w) =
∓j∓2(w)
z − w + · · · , J±1(z)j±2(w) =
±j±12(w)
z − w + · · · ,
j±2(z)j∓12(w) =
−J∓1(w)
z − w + · · · ,
Jα(z)J−α(w) =
k
(z − w)2 +
α ·H(w)
z − w + · · · , for α ∈ ∆
+
0 ,
jα(z)j−α(w) =
−k
(z − w)2 +
−α ·H(w)
z − w + · · · , for α ∈ ∆
+
1 ,
H i(z)Jα(w) =
αiJα(w)
z − w + · · · , H
i(z)jα(w) =
αijα(w)
z − w + · · · ,
H i(z)Hj(w) =
kδij
(z − w)2 + · · · . (5)
We now study the classical hamiltonian reduction of affine Lie superalgebra sl(2|1)(1).
The hamiltonian structure of the N = 2 superconformal algebra may be realized on the
reduced phase space gˆ∗⊗{ψ†, ψ}/nˆ∗, where ψ†(z) and ψ(z) are a pair of fermionic ghosts
with weight λ and 1− λ introduced for making the second class constraints into the first
class constraints. The ghost pair ψ†(z) and ψ(z) carries the Cartan weights −α2and α2
(−α˜2 and −α˜1) for type A (B). The weights of auxiliary fermionic fields are determined
by the gradings of the sl(2) embedding into g and depend on the choice of the root system
(λ = 3/2 for type A and λ = 1/2 for type B ).
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In both cases of simple root systems, one may take the Drinfeld-Sokolov (DS) gauge:
JDS(z) =


U(z)
2
1 0
T˜ (z) U(z)
2
G˜+(z)
G˜−(z) 0 U(z)

 . (6)
The gauge transformation δǫJDS(z) = [ǫ(z), JDS ] + k∂ǫ(z) preserving the DS-gauge, in-
duces the Poisson algebra structure on the reduced phase space. Put the gauge parameter
ǫ(z) to be
ǫ(z) =


ǫ11 +
x
2
ǫ12 ξ1
ǫ21 −ǫ11 + x2 ξ2
η1 η2 x

 . (7)
From the DS-gauge preserving condition, we get the relation
ǫ11 = −k
2
∂ǫ12,
ǫ21 = T˜ ǫ12 − k
2
2
∂2ǫ12 +
1
2
(η2G˜
+ − G˜−ξ1),
η1 = G˜
−ǫ12 +
U
2
η2 − k∂η2,
ξ2 =
U
2
ξ1 + G˜
+ǫ12 + k∂ξ1. (8)
The gauge parameter with this restriction defines the gauge transformation on the reduced
phase space. By expressing its generator δ as
δ =
∫
dz
2πi
str
{
U(z)
2
0 0
T˜ (z) U(z)
2
G˜+(z)
G˜−(z) 0 U(z)




x
2
ǫ12 ξ1
0 x
2
0
0 η2 x


}
=
∫ dz
2πi
{ǫ12T˜ − x
2
U + ξ1G˜
− − η2G˜+}, (9)
the gauge transformation is given by taking the Poisson bracket with δ. Thus we find
the Poisson algebra which takes the following form in terms of the operator product
expansions:
TPF (z)TPF (w) =
−3k
(z − w)4 +
2TPF (w)
(z − w)2 +
∂TPF (w)
z − w + · · · ,
TPF (z)G
±(w) =
3
2
G±(w)
(z − w)2 +
(∂G±)(w)± 1
2k
(UG±)(w)
z − w + · · · ,
U(z)U(w) =
−2k
(z − w)2 + · · · ,
4
U(z)G±(w) =
±G±(w)
z − w + · · · ,
G+(z)G−(w) =
−2k
(z − w)3 +
U(w)
(z − w)2 +
TPF (w)− U2(w)4k + ∂U(w)2
z − w + · · · , (10)
where TPF (w) = T˜ (w)/k, G
+(w) = G˜+(w) andG−(w) = −G˜−/k. The energy-momentum
tensor TPF is nothing but that of the Zk parafermions SU(2)k/U(1)[11]. In fact, the total
energy-momentum tensor
TN=2(z) = TPF (z)− U(z)
2
4k
(11)
becomes that of N = 2 superconformal algebra.
Next we consider a system of differential equations associated with the Lax operator
k∂ − JDS(z):
(k∂ − JDS(z))v(z) = 0, v(z) =


v1(z)
v2(z)
v3(z)

 , (12)
The top component v1(z) of v(z) is invariant under the gauge transformation of the
unipotent subgroup which corresponds to the nilpotent subalgebra nˆ. Hence the system
of equations may be written in the form of a gauge-invariant pseudo-differential equation
of the form LDSv1(z) = 0, where LDS is the scalar Lax operator:
LDS = (k∂)2 − Uk∂ − kT twisted − G˜+(k∂ − U)−1G˜−, (13)
where T twisted = TN=2 + ∂U
2
is the twisted energy-momentum tensor.
Note that LDS is a covariant operator under the spectral flow. Namely for any function
α(z), the scalar Lax operator LDS = LDS(U,G+, G−, TN=2) satisfies
eα(z)LDS(U,G+, G−, TN=2)e−α(z) = LDS(Uα, Gα+, Gα−, TN=2,α). (14)
where
Uα(z) = U(z) + 2k∂α(z),
Gα±(z) = e
∓α(z)G±(z),
TN=2,α(z) = TN=2(z)− k(∂α(z))2 − U(z)∂α(z) + k∂2α(z). (15)
The present formula for the spectral flow would be useful to investigate the supersymmetry
in higher spin conserved currents, which is not manifest in the component formalism.
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The free field realization is obtained by connecting the DS gauge and the diagonal
gauge[12]:
Jdiag(z) =


P1(z) 1 0
0 P2(z) j−2(z)
0 j2(z) P3(z)

 , (16)
where Pi(z) = hi · H(z) (i = 1, 2, 3) and hi are the weights in the vector representation:
h1 = λ1, h2 = λ2 − λ1, h3 = λ2. Here λ1 ≡ −α2 and λ2 ≡ −α1 − 2α2 are the fundamen-
tal weights satisfying αi · λj = δi,j. Let us consider the system of differential equation
associated with the diagonal gauge:
(k∂ − Jdiag)v′(z) = 0, v′(z) =


v′1(z)
v′2(z)
v′3(z)

 . (17)
As in the case of the DS-gauge, the above equations are shown to be equivalent to Ldiagv′1 =
0, where
Ldiag = (k∂ − P2)(k∂ − P1)− j−2(k∂ − P1 − P2)−1j2(k∂ − P1)
= (k∂)2 − (P1 + P2)k∂ + P2P1 − k(∂P1)
−j−2j2 − j−2(k∂ − P1 − P2)−1(−k(∂j2) + P2j2). (18)
Since the top components of v and v′ are gauge invariant, the equations LDSv1(z) = 0 and
Ldiagv′1(z) = 0 should give the same equation. Therefore we get the Miura transformation
of the form:
U(z) = P1(z) + P2(z),
G+(z) = j−2(z),
G−(z) = ∂j2(z)− 1
k
P2(z)j2(z),
T twisted(z) = −P2(z)P1(z)
k
+ ∂P1(z) +
1
k
j−2(z)j2(z). (19)
In the diagonal gauge (16), the fields Pi(z) (i = 1, 2) and j±2(z) are not free fields due
to the constraints:
j2(z)j−2(w) =
−k
(z − w)2 +
−α2 ·H(w)
z − w + · · · ,
H(z)j±2(w) =
±α2j±2(w)
z − w + · · · . (20)
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However, by introducing two free bosons φ(z) = (φ1(z), φ2(z)) and a pair of fermionic
ghosts (ψ†(z), ψ(z)) with weights (3
2
,−1
2
), we may solve the constraints. Define complex
boson ϕ(z) = (α1 + α2) · φ(z) and ϕ¯(z) = −α2 · φ(z). Then a solution is given by
j−2(z) = ψ
†(z), j2(z) = k∂ψ(z) + i
√
k∂ϕ¯(z)ψ(z),
P1(z) = i
√
k∂ϕ¯(z), P2(z) = −i
√
k∂ϕ(z) + ψ†ψ(z). (21)
From (19) and (21) we get
U(z) = i
√
k∂(ϕ¯− ϕ)(z) + ψ†ψ(z),
G+(z) = ψ†(z),
G−(z) = −k∂2ψ(z) + i
√
k∂[∂(ϕ¯ − ϕ)ψ](z) + ψ{−∂ϕ∂ϕ¯ + i
√
k∂2ϕ− ψ†∂ψ}(z),
T twisted(z) = −∂ϕ∂ϕ¯(z) + i
√
k∂2ϕ¯(z)− ψ†∂ψ(z). (22)
The fermionic ghosts (ψ†, ψ) have weights (1, 0) with respect to the energy-momentum
tensor T twisted but (2,−1) for the anti-twisted one T anti−twisted = TN=2(z)− ∂U(z)
2
:
T anti−twisted(z) = −∂ϕ∂ϕ¯(z) + i
√
k∂2ϕ(z)− 2ψ†∂ψ(z) − (∂ψ†)ψ(z). (23)
Next we discuss the quantum hamiltonian reduction based on the BRST formalism.
Let us introduce a pair of fermionic ghosts (b˜1, c˜1) with conformal weights (0, 1) for the
constraint for J−1(z)−1 = 0 and two pairs of bosonic ghosts (β˜2, γ˜2), (β˜12, γ˜12) with weights
(3
2
,−1
2
), (1
2
, 1
2
) for the constraints j−2(z)−ψ†(z) = 0 and j−12(z) = 0, respectively. Define
the BRST current JBRST (z) and the BRST charge QBRST by
JBRST (z) = c˜1(J−1 − 1) + γ˜2(j−2 − ψ†) + γ˜12j−12 + c˜1γ˜2β˜12, (24)
and QBRST =
∫
dz
2πi
JBRST (z), satisfying the nilpotency condition Q
2
BRST = 0.
In Feigin-Frenkel’s approach [7], one decomposes the BRST current JBRST (z) as
J0BRST + J
1
BRST , where
J0BRST = c˜1J−1 + γ˜2j−2 + γ˜12j−12 + c˜1γ˜2β˜12,
J1BRST = −c˜1 − γ˜2ψ†. (25)
We define the associated BRST charges Q0BRST and Q
1
BRST by contour integration. Q
0
BRST
is the canonical coboundary operator for the nilpotent subalgebra nˆ+. Q
1
BRST defines the
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resolution induced by the (first class) constraints. Both Q0BRST and Q
1
BRST act on the
operator algebra Atot of the tensor product of the current algebra and the ghost algebras;
Atot = U[sl(2|1)(1)]⊗ Clψ†,ψ ⊗ Clb˜1,c˜1 ⊗Hβ˜2,γ˜2 ⊗Hβ˜12,γ˜12 , (26)
where U[sl(2|1)(1)] is the universal enveloping algebra of sl(2|1)(1) and Clb,c denotes the
Clifford algebra of fermionic ghosts (b, c). Hβ,γ is the Heisenberg algebra of bosonic ghosts
(β, γ). Since (Q0BRST )
2 = (Q1BRST )
2 = Q0BRSTQ
1
BRST + Q
1
BRSTQ
0
BRST = 0, the BRST
cohomology may be calculated by considering the double complex of Q0BRST and Q
1
BRST .
Feigin and Frenkel originally computed QBRST cohomology by taking Q
0
BRST cohomology
first;
HQBRST (Atot) = HQ1
BRST
(HQ0
BRST
(Atot)). (27)
But, as was pointed out by de Boer and Tjin [13], we can exchange the order of taking
cohomology
HQBRST (Atot) = HQ0
BRST
(HQ1
BRST
(Atot)), (28)
because the non-trivial Q1BRST cohomology only appears at the ghost number zero sector
(the spectral sequence degenerates at the E1 term).
In practice, it is convenient to introduce the modified currents:
J˜−1 = J−1 + γ˜2β˜12, j˜−2 = j−2 + c˜1β˜12, j˜±12 = j±12,
J˜1 = J1 + γ˜12β˜2, j˜2 = j2 + γ˜12b˜1,
H˜ = H + α1c˜1b˜1 + α2γ˜2β˜2 + (α1 + α2)γ˜12β˜12. (29)
Being BRST doublets, (J˜−1, b˜1), (j˜−2,−β˜2) and (j˜−12,−β˜12) decouple from the non-trivial
cohomology. On the reduced complex Ared, the non-trivial Q0BRST action reads,
Q0BRST (J˜1) = (k + 1)∂c˜1 − (H˜1c˜1),
Q0BRST (j˜2) = (k + 1)∂γ˜2 − (H˜2γ˜2),
Q0BRST (j˜12) = (k + 1)∂γ˜12 − (H˜1 + H˜2)γ˜12 − (j˜2c˜1)AS − (J˜1γ˜2)S,
Q0BRST (γ˜12) = c˜1γ˜2. (30)
Here we define the normal ordered product (AB)(z) for two operators A(z) and B(z) by
(AB)(z) =
∫
z
dw
2πi
A(w)B(z)
w−z . (AB)S ( (AB)AS) denotes (anti-)symmetrized normal ordered
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product. Note that the Cartan currents Hi = αi · H have been modified such that
Q0BRST (H˜i) = 0. Let us consider the Q
1
BRST cohomology first. It is easy to see that
HQ1
BRST
(Ared) is generated by the following elements;
U (0) = ψ†ψ + (H˜1 + H˜2),
G
(0)
+ = ψ
†,
G
(2)
− = −
1
k + 1
j˜12,
T (1) =
1
k + 1
(J˜1 + j˜2ψ
†). (31)
The standard argument of the spectral sequence tells us that the generators of the total
BRST cohomology are obtained by solving the descent equation
Q0BRST (O(n)) +Q1BRST (O(n+1)) = 0. (32)
The solvability of the descent equation is assured by the fact that the spectral sequence
degenerates at the E1 term. We find
U = U (0),
G+ = G
(0)
+ ,
G− = G
(2)
− +G
(1)
− +G
(0)
− ,
T = T (1) + T (0), (33)
where
G
(1)
− =
1
(k + 1)
(H˜1 + H˜2)j˜2 + ψT
(1) − k
(k + 1)
∂j˜2,
G
(0)
− = ψT
(0) + ∂ψ(H˜1 + 2H˜2)− (k + 1
2
)∂2ψ,
T (0) =
1
(k + 1)
[k∂H˜2 − (H˜1 + H˜2)H˜2] + 1
2
(∂ψψ† − ψ†∂ψ), (34)
The OPE of U, G± and T gives the “twisted” N = 2 superconformal algebra where
the twist of the stress tensor is defined by T = TN=2 + 1
2
∂U . The central charge is
d = c/3 = −(2k + 1). The singular limit k −→ −1 corresponds to d = 1.
Since the OPE respects the grading of the decomposition of each generator, the zero
grading pieces also define the algebra isomorphic to the original algebra. Let us bosonize
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the modified current as follows;
H˜1 + H˜2 = i
√
k + 1∂ϕ,
H˜2 = −i
√
k + 1∂ϕ¯, (35)
and ϕ = 1√
2
(φ1 + iφ2) and ϕ¯ =
1√
2
(φ1 − iφ2). It is not the original current Hi, but the
modified currents H˜i that are bosonized. The ghost fields have non-trivial OPE with φ1
and φ2. We get the following free field realization of the anti-twistedN = 2 superconformal
algebra;
U (0) = ψ†ψ + i
√
2(k + 1)∂φ1,
G
(0)
+ = ψ
†
G
(0)
− = ψT
(0) + i
√
2(k + 1)∂ψ∂φ1 − (k + 1
2
)∂2ψ,
T (0) = ∂ψψ† − ∂ϕ∂ϕ¯ + i k√
k + 1
∂2ϕ¯. (36)
After the twist T anti−twisted = T (0) − ∂U (0), we recognize the free field realization of the
topological conformal algebra appearing in the non-critical string theory[4, 5]. In the
above equations the matter field φM and the Liouville field φL are identified as φ1 and φ2,
respectively. In the classical limit k →∞ these formulas reduce to (22).
We have shown that the BRST cohomology for the Hamiltonian reduction of sl(2|1)(1)
by the constraints J−1 = 1 and j−2 = ψ† gives exactly the twisted N = 2 superconformal
algebra of the non-critical string theory. As we remarked before, one could obtain the same
result (modulo BRST exact terms) by taking Q0BRST cohomology first. The equivalence
of the two ways of constructing the spectral sequence allows us to get some insight on the
screening operator necessary for the free field approach to the non-critical string theory.
The point is that we can think of Q1BRST acting on HQ0
BRST
(Ared) as the screening operator
which defines the resolution of Felder type. Due to the quotient by ImQ0BRST , we have
the following identifications1;
(k + 1)∂c˜1 = (H˜1c˜1),
(k + 1)∂γ˜2 = (H˜2γ˜2), (37)
1This type of bosonization has been used in ref. [14], in which the resolution of the Fock modules are
discussed.
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in HQ0
BRST
(Ared). Hence the ghost fields c˜1 and γ˜2 are realized as the vertex operators
c˜1 = exp
(
i
√
2
k + 1
φ1
)
,
γ˜2 = exp
(
i√
2(k + 1)
(φ1 − iφ2)
)
, (38)
Thus we have a free field realization of HQ0
BRST
(Ared) in terms of φ1, φ2, ψ and ψ†. The
desired BRST cohomology should be taking the Q1BRST cohomology on this space, which
takes the form
Q1BRST = − exp
(
i
√
2
k + 1
φ1
)
− ψ† exp
(
i√
2(k + 1)
(φ1 − iφ2)
)
. (39)
The first term may be interpreted as the standard screening operator on the “matter”
sector which defines the Virasoro minimal model. On the other hand, the second term
introduces a new feature in the free field approach to the minimal model coupled to
the two dimensional gravity. It is very important to understand the role of the second
screening operator in the algebraic structure of non-critical string theory.
It is possible to generalize our method to affine Lie algebras sl(n+ 1|n)(1), which has
been suggested to give the non-critical Wn-strings. This subject will be discussed in a
forthcoming paper [15].
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work of H.K. was done during his stay at DAMTP, Univ. of Cambridge. He would like
to thank Prof. Peter Goddard for his hospitality and the Nishina Memorial Foundation
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